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Solving Equations Applet Project 
Motivation 
 Solving linear equations in one variable is one of the objectives of most sixth through eighth grade 
mathematics classroom.  In fact, the Common Core Standards (National Governors Association Center for 
Best Practices; Council of Chief State School Officers , 2010) specify a standard in the sixth, seventh and 
eighth grade curriculum at varying levels of depth related to solving linear equations in one variable.  There 
are many ways to teach these standards but one way is by using a scale to represent the equation.  
Technology is a resource for teachers and its use is the topic of much research in mathematics education.  
The purpose of this project was to create and evaluate a java applet using the scale model to assist 
students and teachers with single variable linear equations.  Current technologies available will be 
discussed in this paper as well as their advantages and limitations. 
I taught grade 7 in middle school for 2 years following graduation from Utah State University in 
Mathematics Education.  In every course that I taught (Math 7, Pre-Algebra, Algebra 1), time was devoted 
to the study of linear equations in one variable and solutions of such equations.  My colleagues were using 
a physical manipulative called Hands-On Equations® (Borenson and Associates, Inc, 2009).  There were 
things that I liked about this manipulative but there were limitations that I was concerned about which will 
be discussed further later.  I worried that students were developing misconceptions about equations.  The 
National Library of Virtual Manipulatives (NLVM) (Utah State University, 1999-2010) was developed at Utah 
State University and as such I was familiar with the java applets available through that program.  There is a 
java applet that uses a scale model with linear equations in one variable.  Again, there were advantages 
and limitations I experienced with this manipulative as well.   
The Scale Model for Solving Linear Equations 
Since an equation is a statement that two expressions have the same value, a balanced scale can 
be used to model an equation in that the scale is balanced when the items on either side of the scale have 
the same value.  If the scale is unbalanced then it represents an inequality.  One algorithm for solving 
equations frequently taught is to perform inverse operations to isolate the unknown value.  The scale model 
can be helpful with this algorithm because students can visualize why isolating the unknown is useful.  If 
the unknown is isolated on one side of the scale and the scale is balanced, then the value of the unknown 
is the value on the other side of the scale.   
One of the key concepts with solving a single-variable linear equation is the addition and 
multiplication properties of equality.  That is, if     then         and      .  This property is 
illustrated well using the scale model, especially the addition property of equality.  The scale only remains 
balanced (an equation) if the same operation is performed to both sides of the scale.  Otherwise, it 
becomes an inequality.  One limitation of the scale model in general is its use with the multiplication 
property of equality.  Placing one object at a time on the scale clearly models addition and removing one 
object at a time from the scale clearly models subtraction.  Multiplication and division are not as clearly 
modeled using the scale.   
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Advantages and Limitations of Hands-On Equations® 
Hands-On Equations® is a physical manipulative developed by Dr. Henry Borenson.  There is a 
teacher demonstration model that includes a plastic representation of a scale.  It is not actually a scale, 
however, since the arm never moves – it always remains balanced.  Each student kit includes a laminated 
paper on which a picture of a scale is printed.  Both the teacher demonstration model and the student kits 
have blue and white pawns to represent the unknown values and green and red 6-sided dice to be used for 
the known values.  For example, to model the equation          , students would place 4 pawns 
on the left side of the scale and 5 pawns on the right side of the scale.  They would  also place one of the 
dice with the 3 facing up on the left side of the scale and another die with the 2 facing up on the right side of 
the scale.  The purpose of the different colored pawns and different colored dice is to illustrate positives 
and negatives.  Hands-On Equations® emphasizes “legal moves” that students may make in order to find 
the value of the unknowns.  For example, the addition property of equality is referred to as a “legal move.”  
One advantage of the Hands-On Equations® is that any single-variable linear equation of the form    
       with integer coefficients and an integer solution can be modeled using the manipulative. 
The Hands-On Equations® model helps students develop an appreciation for the usefulness of 
isolating the unknown.  The “legal moves” encourage students to focus students on isolating the unknown.  
As far as I can tell, multiplication and division is treated using reasoning rather than actually performing the 
inverse operation on both sides of the scale.  So, for example if the scale has 3 pawns on one side and a 
die with 6 facing up, the student should think, “so if 3 pawns is 6, then one pawn is 2.” 
With Hands-On Equations®, students have a picture of a scale that remains balanced as described 
previously.  The scale always remains balanced no matter what students add to or remove from the scale.  
It is up to the student to remember the “legal moves” to ensure the addition and multiplication properties of 
equality are properly applied.  This was one limitation I saw when using Hands-On Equations® in the 
middle school.  If the scale never moves, students may have a difficult time visualizing the addition and 
multiplication properties and may develop misconceptions.  Another limitation with Hands-On Equations® is 
that it is up to the student, with the help of the teacher, to make the connection between the manipulative 
and the algebraic representation.  Students may write down any algebraic representation and unless a 
teacher is there to ensure accuracy students may develop misconceptions about the algebraic 
representations. 
Advantages and Limitations of NLVM Applet 
The NLVM applet uses pictures of boxes and blocks, labeled   and   respectively, that can be 
added one at a time to either side of the scale.  Students are presented with an equation and are expected 
to first add items to either side of the scale to accurately model the given equation.  During this stage, the 
scale moves all the way down toward whichever side is heavier or balances if they are equal.  Once the 
scale accurately models the equation, the student clicks “Continue.”  After this point, the scale never moves 
again until a new problem is begun.  Students are then presented with controls that allow them to perform 
one of the four basic operations to both sides of the scale.  The initial equation always stays on the screen 
and whenever the user performs an operation the resulting equivalent equation is added to a list that also 
remains visible on the screen until the next problem.  I see this as an advantage of the NLVM applet 
because the applet facilitates making the connection between the manipulative and the algebraic 
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representation.  Another advantage of the NLVM applet is that any single-variable linear equation of the 
form           with non-negative integer coefficients and a non-negative integer solution can be 
modeled using the manipulative.  In addition, the NLVM applet allows students to enter their own equation 
of this form.  If the equation they enter does not have a non-negative integer solution students are provided 
with feedback indicating this is the case. 
Students are not given the option to perform an operation to only one side of the scale or to 
operate with different numbers on the different sides of the scale.  In this way, the NLVM applet has the 
same limitation as Hands-On Equations® in that the addition and multiplication properties are not illustrated 
using the scale.  Some students may miss the fact that the operations are performed to both sides of the 
equation and thus not develop a sense for these properties of equality.  Other students may accept that the 
addition and multiplication properties of equality are required but only because of “legal moves” or because 
properly applying the properties of equality is the only option and not understand why they are true 
properties.  According to James S. Cangelosi (Cangelosi, Teaching mathematics in secondary and middle 
school: an interactive approach, 2003, pp. 133-138), two contributing factors to the fact that all of 
mathematics, including the addition and multiplication properties of equality, is “commonly thought of as a 
mystifying subject” are “(a) a failure to link mathematics to its historical origins and (b) the failure of 
students to construct concepts and discover relationships for themselves.” Both Hands-On Equations® and 
the NLVM applet then have this limitation in that they do not help students discover the addition and 
multiplication properties for themselves.  Rather these properties are thought of as rules handed down from 
the “math gods.” In my view Hands-On Equations® and the NLVM applet do not use the real power of the 
scale model to facilitate student‟s discovery of these properties. 
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Applet Design 
Overall Design 
The primary purpose of this project was to create and evaluate an applet that maintains the 
advantages of the extant manipulatives (Hands-On Equations® and the NLVM applet) while also 
overcoming the limitations of each.  When I began designing the applet I had three major goals in mind.  
First, to help students see the value of isolating the unknown when solving an equation.  Second, to help 
students visualize the addition and multiplication properties of equality and discover these relationships for 
themselves.  Third, to help students in make the connection between the manipulative and the algebraic 
representation. 
To achieve the first goal of helping students see the value of isolating the unknown when solving 
an equation, I created two modes, “Explore” mode and “Manipulatives” mode.  In Explore mode, students 
are presented with an empty scale.  There are buttons available that allow them to add or remove 
unknowns and units from either side of the scale.  I expect that students would find the value of the 
unknown by placing one unknown on one side and units on the other side until it is balanced.  In this way, 
students are demonstrating that it is useful to have one unknown isolated on one side of the scale.  The 
Manipulatives mode helps reinforce the value of isolating the unknown.  In this mode students are 
presented with a balanced scale that already has objects on both sides.  For instance, the scale may be 
balanced with one unknown and 5 units on one side and 8 units on the other side.  I expect that students 
would use what they just learned in the Explore mode and seek to isolate the unknown.   
To achieve the second goal of helping students visualize the addition and multiplication properties 
of equality, I designed the applet in such a way that the scale would always be able to move and accurately 
reflect the relationship between the two sides.  Unlike Hands-On Equations®, the scale is capable of 
moving and unlike the NLVM applet, the scale moves throughout the use of the applet.  In addition, the 
scale moves in a continuous manner unlike the NLVM applet where there are only 3 discrete positions for 
the scale – left side down, balanced or right side down.  I also included controls in every mode for students 
to add or remove any amount from either side of the scale.  It is my belief that this allows students to 
discover and visualize the multiplication and addition properties of equality.  If they do not add or remove 
the same amount to each side of the scale, the scale is no longer balanced and as such it no longer 
represents an equation but an inequality. 
To achieve the third goal of facilitating students to make the connection between the manipulative 
and the algebraic representation, I included the “Algebra” mode.”  In this mode students are presented with 
an empty scale and a single variable linear algebraic equation.  Similar to the NLVM applet, the first task for 
students is to model the algebraic equation on the scale by adding the necessary unknowns and units to 
each side of the scale.  Once students have accurately modeled the equation, they proceed exactly as in 
the Manipulatives mode.  An added feature in this mode is the ability to enter a single variable linear 
equation of the student‟s choosing as with the NLVM applet.  Students are provided feedback if the solution 
to the equation they enter is not a positive integer.  A second part of the design with the third goal in mind 
was the algebraic representation of the scale always being visible.  The algebraic representation constantly 
changes to reflect any changes on the scale. If the scale is unbalanced the algebraic representation is of an 
inequality and only when the scale is balanced is the equal sign used.  This is the case throughout all three 
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modes of the applet.  This helps reinforce the connection between the manipulative and the algebraic 
representation. 
In all three modes I added user-controlled radio buttons to indicate the difficulty level of the 
problem to be solved and the problem type to be solved.   The difficulty level refers to the range of values 
allowed for the random numbers used to generate the coefficients and solutions of the equation.  For each 
problem type, Easy has a smaller range than Medium which has a smaller range than Hard.  The problem 
type refers to four different types of equations of the form           where         and   are 
nonnegative integers with    .  The four problem types are labeled “One-Step Addition,” “One-Step 
Multiplication,” “Two-Step” and “Variables on Both Sides.”  One-Step Addition consists of problems of the 
form       with   and   positive integers while One-Step Multiplication consist of problems of the 
form      with   and   positive integers and    .  Two-Step consists of problems of the form 
       with     and   positive integers.  and Variables on Both Sides consists of problems of the 
form           with       and   positive integers.   Table 1 summarizes the four problem types 
and difficulty level. 
Students benefit from a real-life connection so I sought to build a scale that had a real-life 
connection.  I frequently explain things to my students in terms of money so I decided money would be a 
useful model.  I considered using money bags, credit cards or piggy banks for the unknown and dollar bills 
or pennies for the units.  The choice of using piggy banks and pennies ultimately came down to what made 
the GUI (graphical user interface) simplest and most usable.  The piggy banks were the easiest to stack so 
that multiple piggy banks could fit on each side of the scale.  The pennies were small enough and easy 
enough to stack to fit many of them on either side of the scale.  I programmed the applet in such a way that 
another GUI with different objects for the unknowns and the units could be added.  This, however was not 
as trivial as I originally thought so it would be a considerable amount of work to add an additional model but 
it is possible. 
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Table 1:  Problem Types and Difficulty Level of Equations of the form           with         and   nonnegative integers 
and    . 
Problem Type 
Restrictions on 
       . 
Difficulty 
Level 
Ranges Example 
One-Step Addition 
    
    
      
Easy 
       
       
       
 
 
Medium 
       
       
Hard 
        
       
One-Step 
Multiplication 
      
     
Easy 
      
      
      Medium 
      
      
Hard 
      
       
Two-Step 
    
       
Easy 
      
      
       
        Medium 
      
      
       
Hard 
      
      
        
Variables on Both 
Sides 
    
    
            
Easy 
        
      
         
            Medium 
        
      
         
Hard 
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Difficulties in Design leading to Unintended Limitations 
 The primary difficulty that I encountered in designing the applet was modeling problems involving 
multiplication.  The scale model is ideal for addition and subtraction.  Adding something to the scale 
perfectly models addition and removing something from the scale perfectly models subtraction.  Hands-On 
Equations® handles this by not actually perform the operations of multiplication and division on the scale 
but by performing these operations mentally as described previously.  The NLVM applet handles this by not 
actually modeling the division process.  One way to model division is by grouping.  I wanted to do this with 
the applet and have tools that allowed students to group the items on each side of the scale into a specified 
number of groups.  I made a mock-up of such a design but it made the user interface overly complicated to 
the point that I decided it was not worth it.  I wanted the applet to be intuitive and easy to use and the 
grouping tool grossly undermined this desire.  This leads to one possible limitation of the applet I designed 
but I will argue below that is it not necessary. 
The purpose of the applet is not to give a visual representation for every possible type of equation 
students would solve but rather to help students understand the algorithm.  If they understand the value in 
isolating the variable and the methods used for doing so, including the addition property of equality, the 
teacher can make the connection to other types of equations and the multiplication property of equality.  
For this reason, I do not believe it is necessary to include the tools for grouping because the applet can 
help students can develop the sense for performing inverse operations to isolate the variable through 
addition problems only and then the teacher can help students extend that sense to other algebraic 
equations.  Eventually I would like to find a way to have a simple enough interface that includes the 
grouping tools, but for now more will be expected from the teacher to explain what is happening 
algebraically when removing items from the scale in a problem involving multiplication and division.   
 Another difficulty was determining what to display in terms of the algebraic equation.  I wanted 
students to make the connection between the algebraic equation and it‟s representation in the scale model 
so I wanted to display the algebraic equation.  When I presented the applet to a group of pre-service 
teachers, in-service teachers and teachers of teachers, the recommendation was made that the equation 
constantly model what is displayed on the scale.  Originally, I displayed the initial equation and that display 
never changed as they added or removed items from the scale.  Now the display constantly changes and 
when the scale is unbalanced the display is an inequality and when it is balanced, the display is an 
equation.  However, there is no record of the operations performed nor the initial equation nor resulting 
intermediate equivalent equations.  In the future I would like to add this to the display but more time in 
design is required before that wish will be realized. 
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Study:  Using the applet with students 
Purpose, Objectives and Method 
 The purpose of the study was to determine what effect, if any, use of the equations applet found at 
http://www.math.usu.edu/~schneit/EquationsApplet/ has on student achievement of the following learning 
objectives: 
 Students will be able to explain why the algorithm for solving single variable linear equations works.  
(Comprehension and Communication) 
 Students will be able to solve single variable linear equations.  (Algorithmic skill) 
Another purpose of this study was to provide details into student thinking as they use the applet for the 
purpose of improving the applet and reinforcing student learning.   
The method to achieve these purposes was that I first assessed all student‟s achievement with 
respect to these objectives.  Then I used the applet with a select group of students who scored low on the 
initial assessment.  Finally, I reassessed all students‟ achievement of the objectives.  While using the applet 
with students, audio recordings of the student descriptions of their thinking were made.  Along with the 
audio, video recordings of the student‟s movements with the applet  were made using screen capturing 
software to provide the desired insight into student thinking.  Students were selected from 3 sections of 
Pre-Algebra taught by John Womack at Mount Logan Middle School.  These students already had some 
instruction with respect to these objectives so students who have as yet been less successful were 
selected to work with the applet.   
In order to determine which students to work with, a pre-assessment was given to all students in all 
3 sections (see Appendix A).  Eight students whose scores were in the bottom 30% were recruited for 
participation.  They met with me in one or two twenty minute sessions.  As students worked with the applet, 
I instructed them to describe their thinking and why they chose to solve each problem in a certain way.  
Audio recordings of these descriptions were made with video recording of their corresponding movements 
with the applet through the screen capturing software, CamStudio.  Then all students took a post-
assessment designed to again measure their achievement with respect to the two objectives (see Appendix 
B).  After all the data was collected, only an identification number was associated with each student; any 
record of their name or defining characteristics was destroyed. 
Pre- and Post- Assessment 
 The applet is designed to help achieve the two objectives stated previously.  In designing the pre-
and post-assessments I weighted the objectives as follows: 
 Students will be able to explain why the algorithm for solving single variable linear equations works.  
(Comprehension and Communication) (60%) 
 Students will be able to solve single variable linear equations.  (Algorithmic skill) (40%) 
Hence, 60% of the points on the pre- and post-assessments came from items designed to measure student 
achievement with respect to the first objective and 40% of the points come from items designed to measure 
student achievement with respect to the second objective.  Appendix A also shows the grading rubric used 
for the pre-assessment and Appendix B shows the grading rubric used for the post-assessment.  Items 1-6 
in both the pre- and post-assessments are designed to measure student achievement with respect to the 
second objective.  This corresponds to 20 out of 48 points, or 41.7%. Items 7-10 are designed to measure 
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student achievement with respect to the first objective.  This corresponds to 28 out of 48 points, or 58.3%.  
However, after I graded the pre- and post-assessments and saw student responses, I decided to drop the 
criterion “answer includes an explanation of what could be done differently to obtain the correct solution” 
from items 9 and 10.  Students were very minimal in their explanations and I believe this may be because 
they didn‟t fully read and/or understand the directions.  If they met the first criterion for items 9 and 10, 
“Answer includes an explanation that the error is not also subtracting 12 from (resp. dividing 6 by) the right 
hand side” they may have considered this sufficient to explain what could be done differently.  As such, I 
just dropped that explanation of what could be done differently from consideration.  Hence, the assessment 
does not match my original weights as well, but still satisfactory with 20 out of 44 points or 45% from items 
designed to measure student achievement with respect to the algorithmic skill objective and 24 out of 44 
points or 55% from items designed to measure student achievement with respect to the comprehension 
and communication objective.  Table 2 shows the results from the pre- and post-assessments.  The scores 
are sorted by the difference between the post-assessment and pre-assessment scores with most 
improvement first.  The highlighted rows correspond to the students with whom I worked individually using 
applet.  From the lowest 30% of the scores, I sent the informed consent form home with 12 students.  Eight 
students returned the informed consent form and their parents or legal guardians agreed to their 
participation in the study.  The mean score on the pre-assessment was 71.4% and the median was 77.3%.  
The mean score on the post-assessment was 71.0% and the median was 77.3%.  The average change 
between pre- and post- assessment for the group of 8 students that I worked with one on one was 3.625 
points while the average change for the other 50 students was -0.77 points.  Eight students is a very small 
sample so general conclusions would not be appropriate but these are positive results. 
 
Table 2:  Pre- and Post-Assessment Results (AS = Algorithmic Skill Subscore, CC = Comprehension and Communication Subscore) 
 
Pre-Assessment Post-Assessment Comparisons 
ID  AS CC Overall AS CC Overall AS CC Overall 
11 7 2 9 20 2 22 13 0 13 
24 4.5 0 4.5 9 8 17 4.5 8 12.5 
49 7.5 11 18.5 16 11 27 8.5 0 8.5 
31 12.5 8 20.5 20 9 29 7.5 1 8.5 
13 20 10 30 20 16 36 0 6 6 
8 20 10 30 20 16 36 0 6 6 
25 8 14 22 13.5 14 27.5 5.5 0 5.5 
12 15.5 14 29.5 19 14 33 3.5 0 3.5 
52 17 12 29 20 12 32 3 0 3 
44 20 16 36 20 19 39 0 3 3 
32 19 16 35 20 18 38 1 2 3 
23 12 4 16 13 6 19 1 2 3 
15 17 12 29 20 12 32 3 0 3 
61 20 12 32 20 14 34 0 2 2 
55 18 16 34 20 16 36 2 0 2 
46 20 13 33 20 15 35 0 2 2 
30 18.5 16 34.5 19.5 17 36.5 1 1 2 
17 14 12 26 14 14 28 0 2 2 
3 20 14 34 20 16 36 0 2 2 
60 18 9 27 20 8 28 2 -1 1 
41 20 18 38 20 19 39 0 1 1 
22 16 17 33 20 14 34 4 -3 1 
59 20 16 36 20 16 36 0 0 0 
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Pre-Assessment Post-Assessment Comparisons 
ID  AS CC Overall AS CC Overall AS CC Overall 
58 20 14 34 20 14 34 0 0 0 
57 13 14 27 13 14 27 0 0 0 
54 0 0 0 0 0 0 0 0 0 
53 20 19 39 20 19 39 0 0 0 
50 20 16 36 20 16 36 0 0 0 
45 20 15 35 20 15 35 0 0 0 
39 20 17 37 20 17 37 0 0 0 
37 13 16 29 13 16 29 0 0 0 
6 20 14 34 20 14 34 0 0 0 
4 20 14 34 20 14 34 0 0 0 
1 20 16 36 20 16 36 0 0 0 
7 20 16 36 19.5 16 35.5 -0.5 0 -0.5 
42 20 15 35 20 14 34 0 -1 -1 
27 20 17 37 20 16 36 0 -1 -1 
5 20 16 36 20 15 35 0 -1 -1 
2 20 18 38 20 17 37 0 -1 -1 
48 20 17 37 19.5 16 35.5 -0.5 -1 -1.5 
33 20 15 35 19.5 14 33.5 -0.5 -1 -1.5 
40 20 14 34 16 16 32 -4 2 -2 
16 19 17 36 20 14 34 1 -3 -2 
63 20 18 38 19.5 16 35.5 -0.5 -2 -2.5 
28 20 16 36 19.5 14 33.5 -0.5 -2 -2.5 
36 20 19 39 20 16 36 0 -3 -3 
56 20 12 32 20 8 28 0 -4 -4 
38 20 22 42 20 18 38 0 -4 -4 
21 20 22 42 20 18 38 0 -4 -4 
18 20 12 32 20 8 28 0 -4 -4 
14 20 13 33 20 9 29 0 -4 -4 
34 20 22 42 18.5 19 37.5 -1.5 -3 -4.5 
19 13.5 12 25.5 20 0 20 6.5 -12 -5.5 
47 20 19 39 15.5 18 33.5 -4.5 -1 -5.5 
29 17 8 25 19.5 0 19.5 2.5 -8 -5.5 
10 20 12 32 20 3 23 0 -9 -9 
20 20 18 38 17 8 25 -3 -10 -13 
26 18.5 6 24.5 6 2 8 -12.5 -4 -16.5 
 
Students who used the applet 
Of the eight students who worked with the applet, seven saw an increase in their algorithmic skill 
score.  Hence, seven of these students appear to achieve higher with respect to the algorithmic skill 
objective after using the applet.  Only one had an increase of just one point from the comprehension and 
communication items.  One of these students saw a significant decrease in the comprehension and 
communication score.  This student left items 6-10 blank on the post-assessment so it is impossible to 
determine if his achievement with respect to the comprehension and communication objective changed at 
all.  However his score on the algorithmic skill questions still increased slightly. 
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The one student whose algorithmic skill score did not increase scored 0 on both the pre- and post- 
assessment.  At the time that I was working with the students they were involved in a linear relations unit 
with their teacher, John Womack.  This student solved each problem by substituting   for   in each 
equation and building a table of   and   values.  So for instance, when the equation to be solved was 
        , the student built the following table: 
    
     
     
     
     
This table contains valid solutions to the equation        .  Most of the tables she created contained 
valid solutions to the equation with   substituted for  .  As I worked with her using the applet, the scale 
model did not seem to be intuitive to her and she needed quite a bit of instruction.  When I asked her to 
write down some of the problems and solve them algebraically, she was able to perform the algorithm with 
great accuracy.  It appears then that the instructions on the pre- and post-assessments were not clear to 
her and she was just trying to do what they had been doing recently in class but that she did achieve higher 
than her score of zero would indicate with respect to both objectives. 
 
 Students who did not use the applet 
 No further instruction or feedback was provided for students who did not use the applet so I would 
expect their pre- and post-assessment scores to stay essentially the same.  This is in fact the case with 40 
of the 50 student who took both the pre- and post-assessments and did not use the applet as they only saw 
a change of 4 points or less in their overall scores.  Among the other students who saw a greater difference 
there were both cases in which the post-assessment score was significantly higher than the pre-
assessment score and in which the post-assessment score was significantly lower than the pre-
assessment score. 
 Adam (name changed, ID# 24) who had the highest increase from pre-assessment to post-
assessment score (12.5 points) was a student I sat next to during the day I came to administer the pre-
assessment.  The pre-assessment did not take the entire class period and so before the pre-assessment 
was administered, I helped this student during their time for independent work on the slope worksheet they 
had been assigned for the day.  He was very appreciative of my help and even wrote a note on both the 
pre- and post-assessments thanking me for helping him and informing me that he‟s “getting math a lot more 
since you helped.”  Simply gaining his cooperation may have been enough to encourage this student to 
review and relearn the algorithm associated with solving linear equations.  On the pre-assessment, he left 4 
of the 10 questions blank while none were left blank on the post-assessment. 
 Both Adam and Suzy (name changed, ID# 49) who had the second highest increase from pre-
assessment to post-assessment score (8.5 points) were students who had been identified to work with the 
applet but did not bring back the Informed Consent forms in time.  Perhaps just knowing that they may be 
working with someone one on one motivated them to be more deliberate on the post-assessment.  Suzy 
made some computational errors on the algorithmic skill questions and was very limited in the work shown 
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on the pre-assessment.  She showed more work and made fewer computational errors on the post-
assessment and was also more detailed in her responses to the comprehension and communication 
questions. 
 Henry (name changed, ID#13) was also more descriptive on the comprehension and 
communication questions on the post-assessment.  He said the same things on both but just added more 
to the post-assessment so it was easier to assess his achievement with respect to the comprehension and 
communication objective.  Frank (name change, ID#8) missed numbers 9 and 10 on the pre-assessment 
but correctly identified the error on the post-assessment.  Perhaps just reading the question again was 
enough to help Frank correctly identify the error. 
 We see a significant drop in Maria‟s (name changed, ID#26) score especially with respect to the 
algorithmic skill questions.  On the pre-assessment she was much more organized on the algorithmic skill 
questions and as such made fewer computational errors.  She was also less descriptive on the 
comprehension and communication questions.  Ashley (name changed, ID#20) gave very accurate detailed 
descriptions for the comprehension and communication questions on the pre-assessment but wrote things 
like “you just have to do it right” on the post-assessment.   Students with ID#‟s 10 and 19 left questions 8-
10 and 7-10 respectively blank on the post-assessment while the student with ID#34 was also less 
descriptive for questions 7-10 on the post-assessment.  Perhaps all of these students felt frustration with 
answering the same questions they had already answered on the pre-assessment.  Jean (name changed, 
ID#47) primarily had a lower score due to the algorithmic skill questions.  She was much more organized 
on the pre-assessment and as such made fewer computational errors. 
 
Work with the Applet 
 Eight students met with me individually and used the applet.  I first gave them instructions on the 
use of the applet and the meaning of the scale.  Then I asked them to solve several problems in the 
Explore mode.  As they were solving the problems I ask them to think-aloud.  That is, to describe what they 
were thinking about with each move they make.  The purpose of the think-alouds were two-fold.  First to 
elicit student thinking so I could determine what they were thinking about as they used the applet.  Second 
to reinforce learning with respect to the learning objectives for this project.  The think-aloud was apparently 
a very difficult thing for them to do and I was not able to get as many or as detailed descriptions as I would 
have liked.  I had a microphone set up to record their responses as they worked through the problems.  The 
computer on which they were working had CamStudio, a free open source screen capturing software 
program installed so that with their recorded voice I recorded their movements on the applet.  After they 
worked through several problems independently, I asked them questions about their method for solving.  
For instance "Why did you just put ONE piggy bank on this side?" "How was that helpful?"  "How is that 
similar to solving equations algebraically?".  Then I asked students to solve several problems in the 
Manipulatives mode.  Again they were instructed to think-aloud as they solved but they were very minimal 
in this regard.  As they solved problems in this mode I asked them questions to connect with the previous 
mode and reinforce the goal of isolating the variable to solve the equation.  I also asked questions about 
performing the same operation to both sides of the scale and why that is necessary.  For instance, “What 
would happen if you didn‟t delete the pennies from BOTH sides of the scale?” Finally I asked students to 
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solve several problems in the Algebra mode and again think-aloud as they solve.  During the Manipulatives 
and Algebra modes I encouraged them to write down some of the same problems algebraically that they 
solved using the applet in order to make the connection between the applet and the algebraic algorithm 
stronger. 
Common Threads 
 Of the eight students, four had some difficulty determining when the scale was actually balanced.  
One student in particular, Sara (Name Changed, ID#11), experienced a high level of difficulty and 
frequently thought that the scale was balanced when in fact it wasn‟t.  The scale was designed to move in a 
pseudo continuous fashion so that even a very small change would move the scale slightly.  As a result, 
when the values are very near one another the scale may only be rotated one degree which can be difficult 
to discern.  As a result of this plans are underway to create a buffer zone so the scale never rotates below 
a certain degree. 
 Another common mistake that students made was in using the buttons to remove items from the 
scale. Five of the eight students pressed the add item button when they meant to press the remove item 
button.  All of them quickly realized the error and were able to correct it without further instruction or 
guidance.  As such, no plans are in place to change the user interface in this regard.  However, it is 
recommended that teachers be aware of this common error and instruct their students on the general use 
of the applet. 
 In the Manipulatives mode, two students initially cleared the scale completely and then solved as 
they had in the Explore mode, by placing one piggy bank on one side and adding enough pennies to the 
other side until the scale was balanced.  This makes it clear that instructions are needed to help students 
connect the scale model with equations.  When this happened, I asked the students to try and find the 
number of pennies in the piggy bank by removing the minimum number of items.  This prompted them to 
think of other ways to solve besides their initial solution.  Eventually all of them deleted items until the piggy 
bank was isolated and then deleted items from the other side until the scale was rebalanced. 
 In both the Manipulatives and Algebra modes, two students did not keep track of how many 
pennies they deleted from each side, they just deleted them until it was rebalanced.  This is one area in 
which the teacher needs to help the students make the connection that they must remove the same 
number of pennies from each side of the scale.  Another possibility is to have the applet keep track of and 
display what has been added or deleted from each side of the scale.   
 Four of the eight students who used the applet began the Explore mode by just putting the same 
thing on both sides.  For instance, they added one piggy bank to both sides and then added the same 
number of pennies to both sides.  This would model the equation         for instance.  They 
needed some guidance to put just one piggy bank on one side and then add enough pennies on the other 
side to balance the scale do see that this could be a useful strategy.  Some of these students were 
distracted by the equation and they tried to get an equation that they could solve algebraically because they 
were already comfortable solving algebraic equations.  I think students may more naturally try putting one 
piggy bank on one side and enough pennies to balance if they were not already thinking about equations.  
Because of this, I think the equation in this mode may be distracting.  In the next version of the applet, I will 
remove the display of the equation.  
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Summary 
 This project was motivated by a desire to provide a tool for teachers and students to help increase 
student achievement with respect to the two objectives: 
 Students will be able to explain why the algorithm for solving single variable linear equations works.  
(Comprehension and Communication) (60%) 
 Students will be able to solve single variable linear equations.  (Algorithmic skill) (40%) 
These objectives are included as part of the new Common Core Standards adopted by many states 
including Utah.  As I taught these objectives in the middle school, I used a physical manipulative, Hands-On 
Equations® and the applet offered through NLVM both of which used a scale to model the equation.  I 
found the scale model very effective for helping students to achieve these objectives but there were 
limitations that inhibited student achievement.  The applet produced as part of the project is designed to 
address these limitations.  The primary limitation of the Hands-On Equations® and the NLVM applet is that 
the scale does not move once the equation is set up.  The scale model is useful because it illustrates the 
addition and multiplication properties of equality.  If the same amount is not removed from both sides, then 
the scale should no longer be balanced.  However, with Hands-On Equations®, the scale never moves and 
with the NLVM applet, the students do not have the ability to remove or add different amounts from the 
scale so they may not notice this important subtlety.  Both Hands-On Equations® and the NLVM applet do 
not utilize the full power of the scale model to facilitate student‟s discovery of these properties. 
The scale model in the applet produced from this project always responds to what has been added 
or removed from the scale so that if students do not add or remove the same amount from both sides of the 
scale, the scale is no longer balanced and they no longer have an equation, they have an inequality.  
Pictures of pigs are used to represent piggy banks or unknown values and pennies are used to represent 
units.   
There are three modes:  Explore, Manipulatives and Algebra.  The purpose of the Explore mode is 
to help students develop motivation for isolating the variable as a strategy for solving equations.  The 
purpose of the Manipulatives mode is to help students visualize and understand the multiplication and 
addition properties of equality.  The Algebra mode is designed to help students make the connection 
between the scale mode and the algebraic representations.   
The limitations of this applet (and any scale model for that matter) is that it does not model 
multiplication or division well and it does not keep track of what has been added or removed.  This applet 
does allow for equations that involve multiplication and division but more instruction from the teacher would 
be required for these problems.  Students can see that the scale does not remain balanced but they may 
miss that the same number of items must be removed from both sides to keep it balanced since the applet 
doesn‟t have a record of the number of items removed. 
The applet was used with 7th and 8th grade students.  58 students took a pre-assessment to assess 
their achievement with respect to the two objectives and later took a post-assessment with the same goals.  
Eight students with scores in the bottom 30% worked with the applet.  Seven of those students had higher 
post-assessment scores with respect to the algorithmic skill objective.  Only one of those student had 
higher post-assessment scores with respect to the comprehension and communication objective.  Part of 
the reason for this may be that in general students are not asked to write sentences explaining algorithms 
in mathematics nearly as often as they are asked to perform algorithms.  More instruction on how to 
 
17 
communicate with the language of mathematics in writing may increase student performance with respect 
to the comprehension and communication objective. One or two 20 minute sessions seems sufficient to 
help students increase their achievement of the algorithmic skill objective but insufficient to increase their 
achievement of the comprehension and communication objective.   
Possible Changes to the Applet 
 As a result of my work with students using the applet, I have plans for redesigning the applet to 
better address the learning objectives specified previously and to make the applet more usable.  First, I 
plan to add a buffer zone so the scale never rotates below a certain degree to make it more clear when the 
scale is actually balanced.  Second I would like to better model and make explicit for students the addition 
and multiplication properties of equality.  The primary issue in modeling the multiplication model of equality 
is that the scale model itself does not fit well with multiplication.  I can use techniques similar to Hand-On 
Equations® and the NLVM applet to deal with this issue.  Another possibility is to continue searching for 
ways to make the scale model fit better with multiplication and still maintain the simplicity of the user 
interface.  If such a solution cannot be found I will only include problems on the applet that can be solved 
using only the addition property of equality and rely on teachers to make the connection and extension to 
the multiplication property of equality.  In order to make the addition property of equality more explicit for 
students I plan to modify the area that displays the equation to keep the initial equation and maintain a 
record of all operations performed as well as the resulting intermediate equivalent equations.  Unless a 
solution is found to model multiplication and/or division, those types of problems would need to be removed 
in order to ensure the correct operation is recorded in the display area.  For example if the equation is 
    , the students would need to divide by 2 but currently their moves on the applet would be to remove 
on unknown from the left side and 3 pennies from the right side.  How will the applet know they mean divide 
both sides by 2 instead of subtract   and subtract 3?  Finally, the applet should first be used outside the 
context of solving equations so I will remove the display of the equation in the Explore mode. 
Recommendations for further research 
In this research, the applet was used as remediation.  It is recommended that further research be 
done in using this applet in a whole class lesson to initially teach solving equations.  I developed lessons 
(Appendix C) to go along with the applet and these lessons could be used in such research.  For instance, 
the same pre- and post-assessments could be used with two different classes.  One class could be 
instructed using traditional methods and another using the applet.  The post-assessment scores could 
again be compared to determine if teaching with the applet had any effect on student achievement of the 
learning objectives.  More research could also be done on the comprehension and communication 
objective.  Students typically are not expected to write sentences explaining algorithms.  If this is expected 
it is certainly not as common as performing algorithms.  Pairing the applet with specific instruction on 
writing would be of interest to research.  The applet may give students language with which to explain their 
thinking. 
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Appendix A (Pre-Assessment) 
Solve each equation below.  Show ALL STEPS.  If you are unsure how to show the steps you use to solve 
the problems, write out in words how you found the solution. 
1.         2.       
3.       4.         
5.          6.          
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7. Given the equation         and solution with steps shown below, answer the questions that 
follow. 
        
              
     
The solution is     . 
Use the space provided below to explain why 16 was subtracted from both sides of the equation?  
How was this helpful and why is it valid? 
 
 
 
 
 
 
 
 
 
 
 
 
8. Given the equation       and solution with steps shown below, answer the questions that 
follow. 
      
          
    
The solution is    . 
Use the space provided below to explain why 6 was divided by both sides of the equation?  How 
was this helpful and why is it valid? 
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9. Consider the following equation and steps shown to find the solution to the equation. 
        
           
     
     is not the correct solution because         .  The correct solution is    because 
        .  First, identify where the error occurred.  Next explain in 1-2 sentences why it is 
an error (why is what is written above incorrect?).  Finally, explain in 1-2 sentences what could be 
done differently to obtain the correct solution. 
 
 
 
 
 
 
 
 
 
 
 
 
 
10. Consider the following equation and steps shown to find the solution to the equation. 
      
        
     
     is not the correct solution because        .  The correct solution is 7 because 
      .  First, identify where the error occurred.  Next explain in 1-2 sentences why it is an 
error (why is what is written above incorrect?).  Finally, explain in 1-2 sentences what could be 
done differently to obtain the correct solution. 
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Pre-Assessment Rubric ID #_________________________________________ Score _________/48 
Number Criterion Score Total 
1.  
Addition property of equality is properly applied. 0   0.5   1 
_____/3 Numeric computations are correct. 0   0.5   1 
Final answer is equivalent to     . 0   0.5   1 
2.  
Multiplication property of equality is properly applied. 0   0.5   1 
_____/3 Numeric computations are correct. 0   0.5   1 
Final answer is equivalent to     . 0   0.5   1 
3.  
Multiplication property of equality is properly applied. 0   0.5   1 
_____/3 Numeric computations are correct. 0   0.5   1 
Final answer is equivalent to     . 0   0.5   1 
4.  
Addition property of equality is properly applied. 0   0.5   1 
_____/3 Numeric computations are correct. 0   0.5   1 
Final answer is equivalent to     . 0   0.5   1 
5.  
Addition property of equality is properly applied. 0   0.5   1 
_____/4 
Multiplication property of equality is properly applied. 0   0.5   1 
Numeric computations are correct. 0   0.5   1 
Final answer is equivalent to     . 0   0.5   1 
6.  
Addition property of equality is properly applied. 0   0.5   1 
_____/4 
Multiplication property of equality is properly applied. 0   0.5   1 
Numeric computations are correct. 0   0.5   1 
Final answer is equivalent to     . 0   0.5   1 
7.  
Answer includes an explanation that subtracting    is helpful because it isolates the variable 
on one side of the equation. 
0     1     2 
_____/6 
Answer includes an explanation that subtracting    is valid because of the addition property 
of equality.  Since    was subtracted from both sides of the equation, the value of the 
variable remains the same. 
0     1     2 
Answer includes nothing erroneous or extraneous. 0     1     2 
8.  
Answer includes an explanation that dividing by   is helpful because it isolates the variable on 
one side of the equation. 
0     1     2 
_____/6 
Answer includes an explanation that dividing by   is valid because of the multiplication 
property of equality.  Since   was divided by both sides of the equation, the value of the 
variable remains the same. 
0     1     2 
Answer includes nothing erroneous or extraneous. 0     1     2 
9.  
Answer includes an explanation that the error is not also subtracting    from the right hand 
side. 
0     1     2 
_____/8 
Answer includes an explanation why not also subtracting    from the right hand side is an 
error. 
0     1     2 
Answer includes an explanation of what could be done differently to obtain the correct 
solution. 
0     1     2 
Answer includes nothing erroneous or extraneous. 0     1     2 
10.  
Answer includes an explanation that the error is not also dividing   by the right hand side. 0     1     2 
_____/8 
Answer includes an explanation why not also dividing   by the right hand side is an error. 0     1     2 
Answer includes an explanation of what could be done differently to obtain the correct 
solution. 
0     1     2 
Answer includes nothing erroneous or extraneous. 0     1     2 
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Appendix B (Post-Assessment) 
Solve each equation below.  Show ALL STEPS.  If you are unsure how to show the steps you use to solve 
the problems, write out in words how you found the solution. 
 
1.         2.       
3.       4.         
5.          6.          
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7. Given the equation         and solution with steps shown below, answer the questions that 
follow. 
        
              
     
The solution is     . 
Use the space provided below to explain why 15 was subtracted from both sides of the equation?  
How, if at all, was this helpful and why is it valid? 
 
 
 
 
 
 
 
 
 
 
 
 
8. Given the equation       and solution with steps shown below, answer the questions that 
follow. 
      
          
    
The solution is    . 
Use the space provided below to explain why 7 was divided by both sides of the equation?  How, if 
at all, was this helpful and why is it valid? 
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9. Consider the following equation and steps shown to find the solution to the equation. 
        
           
     
     is not the correct solution because         .  The correct solution is   because 
       .  First, identify where the error occurred.  Next explain in 1-2 sentences why it is an 
error (why is what is written above incorrect?).  Finally, explain in 1-2 sentences what could be 
done differently to obtain the correct solution. 
 
 
 
 
 
 
 
 
 
 
 
 
 
10. Consider the following equation and steps shown to find the solution to the equation. 
      
        
     
     is not the correct solution because        .  The correct solution is     because 
      .  First, identify where the error occurred.  Next explain in 1-2 sentences why it is an 
error (why is what is written above incorrect?).  Finally, explain in 1-2 sentences what could be 
done differently to obtain the correct solution. 
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Post-Assessment Rubric ID #_________________________________________ Score _________/48 
Number Criterion Score Total 
1.  
Addition property of equality is properly applied. 0   0.5   1 
_____/3 Numeric computations are correct. 0   0.5   1 
Final answer is equivalent to     . 0   0.5   1 
2.  
Multiplication property of equality is properly applied. 0   0.5   1 
_____/3 Numeric computations are correct. 0   0.5   1 
Final answer is equivalent to     . 0   0.5   1 
3.  
Multiplication property of equality is properly applied. 0   0.5   1 
_____/3 Numeric computations are correct. 0   0.5   1 
Final answer is equivalent to     . 0   0.5   1 
4.  
Addition property of equality is properly applied. 0   0.5   1 
_____/3 Numeric computations are correct. 0   0.5   1 
Final answer is equivalent to      . 0   0.5   1 
5.  
Addition property of equality is properly applied. 0   0.5   1 
_____/4 
Multiplication property of equality is properly applied. 0   0.5   1 
Numeric computations are correct. 0   0.5   1 
Final answer is equivalent to     . 0   0.5   1 
6.  
Addition property of equality is properly applied. 0   0.5   1 
_____/4 
Multiplication property of equality is properly applied. 0   0.5   1 
Numeric computations are correct. 0   0.5   1 
Final answer is equivalent to     . 0   0.5   1 
7.  
Answer includes an explanation that subtracting    is helpful because it isolates the variable on 
one side of the equation. 
0     1     2 
_____/6 
Answer includes an explanation that subtracting    is valid because of the addition property of 
equality.  Since    was subtracted from both sides of the equation, the value of the variable 
remains the same. 
0     1     2 
Answer includes nothing erroneous or extraneous. 0     1     2 
8.  
Answer includes an explanation that dividing by   is helpful because it isolates the variable on one 
side of the equation. 
0     1     2 
_____/6 
Answer includes an explanation that dividing by   is valid because of the multiplication property of 
equality.  Since   was divided by both sides of the equation, the value of the variable remains the 
same. 
0     1     2 
Answer includes nothing erroneous or extraneous. 0     1     2 
9.  
Answer includes an explanation that the error is not also subtracting    from the right hand side. 0     1     2 
_____/8 
Answer includes an explanation why not also subtracting    from the right hand side is an error. 0     1     2 
Answer includes an explanation of what could be done differently to obtain the correct solution. 0     1     2 
Answer includes nothing erroneous or extraneous. 0     1     2 
10.  
Answer includes an explanation that the error is not also dividing   by the right hand side. 0     1     2 
_____/8 
Answer includes an explanation why not also dividing   by the right hand side is an error. 0     1     2 
Answer includes an explanation of what could be done differently to obtain the correct solution. 0     1     2 
Answer includes nothing erroneous or extraneous. 0     1     2 
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Appendix C (Algorithmic Skill Lesson Plan) 
 
Learning Goal:  Students will be able to solve single-variable linear equations.  (Algorithmic Skill) 
 
Sub-Goals: 
1. Students will appreciate the algorithm specified by isolating the unknown to solve an equation. 
(Appreciation) 
2. Students will discover the properties of equality                                
 +  and   =   and   =   (Discover a Relationship) 
 
Algorithmic Skill 7-Stage Lesson Overview 
1. Explanation of the purpose of the algorithm 
a. The purpose of the algorithm is to solve linear equations with one unknown. 
2. Explanation and practice estimating outcomes 
a. Many linear equations with one unknown don‟t require the algorithm.  These should be 
solved using reasoning.  These types of problems do, however, emphasize the meaning of 
solutions to equations.  Problems such as 
i.       
ii.      
3. General overview of the process 
a. It is in this stage that I will target the sub-goals using the applet. 
i. Discover a Relationship 4-Stage Lesson Overview 
1. Experimenting 
2. Reflecting and Explaining 
3. Hypothesizing and Articulating 
4. Verifying and Refining 
4. Step-by-step explanation of the algorithm 
5. Trial test execution of the algorithm 
6. Error-pattern analysis and correction 
7. Overlearning 
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Detailed Lesson Plan: 
Stage 1:  Explanation of the purpose of the algorithm 
The purpose of the algorithm is to solve linear equations with one unknown.  Examples and non-examples 
will be given to students of linear equations in one unknown. 
Examples Non-examples 
             
        
  
 
   
                   
Review the meaning of the word “solve” in the context of equations.  
 To solve an equation means to find the values of the unknowns that make the equations true. 
 
Stage 2:  Explanation and practice estimating outcomes 
Many linear equations with one unknown don‟t require the algorithm.  These should be solved using 
reasoning.  These types of problems do, however, emphasize the meaning of solutions to equations.  
Problems such as       and     . 
One day will be spent finding solutions to these types of equations without use of the algorithm.  See 
attached worksheet “Solving Linear Equations 1.” 
 
Stage 3:  General overview of the process 
It is in this stage that I will target the sub-goals using the applet. 
Explanation of applet: 
“Equations can be represented by a balanced scale because an equation has the same value on 
either side of the equal sign.  In the same way, a scale has the same value on each side.  When 
the scale is balanced, you have an equation.  When the scale is unbalanced you have an 
inequality.  In this model, the pigs represent piggy banks containing an unknown number of 
pennies.  This is a special scale that is only balanced when the amount of money on each side is 
the same – it is not a scale based on weight.  Pigs and pennies can be added one at a time by 
pressing   or  under the side of the scale that you want to add the pig.  Pigs 
and pennies can be removed one at a time by pressing  or  under the side 
of the scale that you want to remove the pig or penny.  Once you have determined how many 
pennies are in the piggy bank, you can type your answer into the text box located at the bottom of 
the screen and press „Check‟.” 
 Explore Mode: 
“Here the scale will begin completely empty and you can use any method you choose to 
determine the number of pennies in the piggy bank.” 
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Manipulatives Mode: 
“Here some items will be on the scale to begin with, but again the goal is to determine how 
many pennies are in one piggy bank.” 
 Algebra Mode: 
“In this mode, connections to the algebraic representation of linear equations will be 
emphasized.  A linear equation will be given to you and your first task is to add piggy 
banks and pennies to each side of the scale to represent the given equation.  Then you 
can use the skills you‟ve learned from the previous two modes to find how many pennies 
are in the piggy bank – in other words to find the value of the unknown.” 
Stage 3-1:  Experimenting 
Students will work individually or in groups of two to solve several problems in Explore Mode and then 
several problems in Manipulatives Mode. 
Stage 3-2:  Reflecting and Explaining 
Students will write 2 paragraphs describing the process they used to determine the number of pennies in 
each piggy bank.  1 paragraph should focus on Explore Mode and 1 paragraph should focus on 
Manipulatives Mode. 
Stage 3-3:  Hypothesizing and Articulating 
Instructor will guide students in a large-group setting to articulate the properties of equality with such 
questions as the following: 
 If you take one penny off the left dish, what happens to the scale? 
 If you take two pigs off the right dish, what happens to the scale? 
 What does it mean if the scale is unbalanced? 
 How would we keep it balanced? 
o If students respond “Do the same thing to the other side” follow-up questions could include 
 What do you mean by “same thing”? 
 What “things” could we do to both sides and maintain equality? 
 Begin with a scale built such as: 
 
 “If I take one pig of the left side, what does it mean to “do the same thing” 
to the other side?” 
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Stage 3-4:  Verifying and Refining 
Still working in a large group, the instructor will continue asking questions to formulate the statement 
“                                                
 
 
 
 
 
  ” 
Questions could include the following. 
 We know that        .  If you subtract 7 from both sides is the equation still true? 
 We know that        .  if you multiply both sides of the equation by 3, is it still true? 
 We know that        .  if you divide both sides of the equation by 2, is it still true? 
 Can you add anything to both sides of an equation and still maintain equality? 
 Can you multiply anything to both sides of an equation and still maintain equality? 
 Can you divide anything to both sides of an equation and still maintain equality? 
*Stages 4 – 7 will be cycled through repeatedly, first with one-step equations only, then with multi-step 
equations.  The first step listed below will not be included until multi-step equations are introduced. 
Stage 4:  Step-by-step explanation of the algorithm 
Instructor will write the following two statements on the board (or otherwise present them for all students to 
see) 
 Isolate the Variable  
o The inverse operations are: 
 The inverse of addition is subtraction and the inverse of subtraction is addition. 
 The inverse of multiplication is division and the inverse of division is multiplication. 
 Whatever operation you perform to one side of the equation, you must perform the same operation 
to the other side of the equation. 
Explain to students that these principles will guide every choice we make as we seek to solve equations.   
Steps: 
1. Ask yourself “Is the unknown term isolated on one side of the equation?” (Does the unknown 
appear more than once?) 
a. Use the distributive property and combining like terms as needed. 
2. Ask yourself “What is keeping the variable from being isolated?” 
3. Ask yourself “What operation is performed with the unknown and that number?”, “What is the 
inverse of that operation?” 
4. Perform the inverse operation to BOTH sides of the equation. 
5. Repeat steps 2 – 4 until the unknown is isolated. 
6. Check that the value of the unknown does make the original equation a true statement. 
Stage 5:  Trial test execution of the algorithm 
Students will solve 4 equations individually: 
One-Step Add One-Step Multiply Two-Step Variables on Both Sides 
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  Stage 6:  Error-pattern analysis and correction 
Then pairs of students will analyze one-another‟s work to encourage accuracy and understanding of the 
algorithm.  Then a student will complete the problem on the board and the entire class will discuss the 
process. 
Stage 7:  Overlearning 
Students will be assigned equations to solve for homework.  See attached worksheet, “Solving Linear 
Equations 2.” 
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Solving Linear Equations 1 Name______________________________________ 
 
Solve each equation. 
1.        2.       
3. 
 
 
   4.       
5.      6.       
7.       8.        
9. 
 
 
   10.       
11. 
 
 
   12.       
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Solving Linear Equations 2 Name______________________________________ 
 
Solve each equation. 
1.          2.       
3.          4.            
5.           6.         
7.          8.           
9.             10.          
11. 
 
 
   12.            
 
 
 
34 
Appendix D (Comprehension and Communication Lesson Plan) 
 
Learning Goal:  Students will be able to explain why the algorithm for solving single variable linear 
equations works.  (Comprehension and Communication) 
 
Lesson Overview: 
1. The message is sent to the students 
2. The message is rephrased and explained 
3. Students are questioned about specifics in the message 
4. Students are provided with feedback on their responses to questions raised in stage 3. 
 
Detailed Lesson Plan:  
Stage 1 &2 : The message is sent to the students and the message is rephrased and explained 
Engage in the  Algorithmic Skill Lesson Plan 
Stage 3: Students are questioned about specifics in the message 
Students given problems in which multiple steps are shown and students are asked to critique the validity 
of each step in a whole class discussion format.  Use the following examples or other examples to critique 
validity and usefulness of each step of the solving equations algorithm.  Then students will work individually 
or in small groups on “Communicating about Solving Linear Equations.” 
Example Type Example 1 Example 2 Example 3 
Useful and 
Valid 
        
              
     
      
          
     
         
               
      
    
Useful but not 
Valid 
        
           
     
 
 
   
 
 
 
        
     
         
               
       
             
     
Valid but not 
Useful 
        
            
        
      
          
      
         
             
         
Neither Valid 
nor Useful 
        
           
       
 
 
   
 
 
        
     
        
          
      
          
        
Stage 4: Students are provided with feedback on their responses to questions raised in stage 3. 
Part of the whole group discussion will consist of providing students with feedback.  Feedback will also be 
provided based on their responses to the “Communicating about Solving Linear Equations” worksheet. 
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Communicating about Solving Linear Equations Name______________________________________ 
 
For each of the problems below, a student‟s work in solving the given equation is shown.  In the space 
provided critique each step.  Included in your critique should be a statement about why or why not that step 
was useful in solving the equation and whether or not that step was valid. 
 
Problem Usefulness Validity 
1.          
         
  
     
  
2.          
           
  
     
  
3.            
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4.         
          
  
    
  
5.           
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Communicating about Solving Linear Equations Name______________KEY__________________ 
 
For each of the problems below, a student‟s work in solving the given equation is shown.  In the space 
provided critique each step.  Included in your critique should be a statement about why or why not that step 
was useful in solving the equation and whether or not that step was valid. 
 
Problem Usefulness Validity 
1.          
         
This step is useful because it 
helps to isolate the  . 
This step is not valid because   
needs to be added to both sides 
in order to maintain a true 
equation. 
     
This step is useful because not 
the variable is isolated. 
This step is valid because 
numeric computations are 
correct but the solution is not 
because the last step was not 
valid. 
2.          
           
This step is useful because it 
helps to isolate the  . 
This step is valid because of the 
addition property of equality. 
     
This step is useful because not 
the variable is isolated. 
This step is valid because 
numeric computations are 
accurate. 
3.            
               
This step is useful because it 
helps to isolate the   by 
eliminating the  . 
This step is valid because of the 
multiplication property of 
equality. 
        
This step is useful because now 
the   is more isolated. 
This step is not valid because 
the distributive property was not 
properly used. 
              
This step is useful because it 
helps to isolate the   by 
eliminating the   . 
This step is valid because of the 
addition property of equality. 
     
This step is useful because not 
the variable is isolated. 
This step is valid because 
numeric computations are 
correct. 
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4.         
          
This step is useful because it 
helps to isolate the  . 
This step is valid because of the 
multiplication property of 
equality. 
    
This step is useful because not 
the variable is isolated. 
This step is valid because 
numeric computations are 
accurate. 
5.           
            
This step is not very useful 
because it doesn‟t help isolate 
the unknown. 
This step is valid because of the 
addition property of equality. 
         
This step is not very useful 
because it doesn‟t help isolate 
the unknown. 
This step is valid because 
numeric computations are 
accurate. 
               
This step is useful because it 
does help to isolate the 
unknown. 
This step is valid because of the 
addition property of equality. 
      
This step is useful because it 
does help to isolate the 
unknown. 
This step is valid because 
numeric computations are 
accurate. 
          
This step is useful because it 
does help to isolate the 
unknown. 
This step is valid because of the 
multiplication property of 
equality. 
    
This step is useful because it 
does help to isolate the 
unknown. 
This step is valid because 
numeric computations are 
accurate. 
 
 
 
 
